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Lecture overview EXETER

| - Work extraction from quantum coherences (long)

Il - Maxwell’s demon and his exorcism - experimental evidence
(short)

lll - Thermodynamics beyond the weak coupling limit (long)

IV - Optional: Non-equilib. temperature of levitated nanospheres
(short)
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Outline - I EXETER

Recap: standard thermodynamic potentials
Violation of laws of thermodynamics in the quantum regime?

Resolution of paradox/lessons

(weak coupling) Stochastic thermodynamics

Thermodynamic potentials and stochastic thermodynamics
beyond weak coupling (classical) — b chewy ...

Thermodynamic uncertainty relation (Qquantum)
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Recap: Standard thermodynamic potentials

UNIVERSITY OF

EXETER

classical description:

phase space coordinates *
Hamiltonian Hs(x)

partition function Zg = /daz e PHs ()

internal energy Us =—0s InZg

free energy Fg = —% In Zg
entropy Ss = pB(Ugs — Fg) =

equilibrium distribution
e_BHS(x)
T ) —
ps(x) 7

for equilibrium state at
iInverse temperature

B=1/T
kp =1

— / dz ps(z)Inpg(x)
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EXETER

Recap: Standard laws of thermodynamics

work in

Q_mmmg)  po WV
n’ First law
-
Second law
with sign conventions: Q

ASg > - - for one

Q:Qas W:Was
’ b or W>AFS
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Violation of standard thermodynamics EXETER

« The 2nd law of thermodynamics is the core principle in physics.

Eddington: The law that entropy always increases, holds, | think, the supreme
position among the laws of Nature. If someone points out to you that your pet
theory of the universe is in disagreement with Maxwell's equations — then so
much the worse for Maxwell's equations. If it is found to be contradicted by
observation — well, these experimentalists do bungle things sometimes. But if
your theory is found to be against the second law of thermodynamics | can give
you no hope; there is nothing for it but to collapse in deepest humiliation.

« Landauer’s principle links thermodynamics with
information and is equivalent to the second law.

« Butthere is a well-cited paper that proves that the
2nd law of thermodynamics/Landauer’s erasure principle

IS violated in the quantum regime. Phys. Rev. Lett. 85:1799 (2000)
Phys. Rev. E 64:056117 (2001)
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The original argument EXETER

Phys. Rev. Lett. 85:1799 (2000)

Caldeira-Leggett model

HZHS"‘HB_'_Hint

interaction term

p2 mw2q2

He = 2
5™ om 9

2
2 2
Hp+ Hipy =S | == B PR
Bt t ; 2mj+ 2 (qJ mjw2>
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The original argument EXETER

Phys. Rev. Lett. 85:1799 (2000)

Caldeira-Leggett model

HZHS"‘HB_'_Hint

global thermal state
—BH

Z

reduced state of the oscillator

€

10:

ps = tralp]
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The paradox EXETER

s A
system in system in

state 1 mi — Mo state 2

Sl .\_/\/\/' SQ

—

increase of oscillator mass

Naik, et al, Nature Nanotechnology 445 (2009)
Cleland et al, Nature 464:697 (2010)

nature
nanotechnology

ARTICLES

PUBLISHED ONLINE: 21 JUNE 2009 | DOI: 10.1038/NNANO.2009.152

Towards single-molecule nanomechanical

mass spectrometry
A. K. Naik'’, M. S. Hanay'', W. K. Hiebert'?!, X. L. Feng' and M. L. Roukes'*



The paradox
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EXETER

e R
system in system in

state 1 mi — Mo state 2

Sl ‘\_/\/\/. SQ

—

increase of oscillator mass

Clausius inequality

Qabs
AS >
52 T

0> A= Qups — TAS



The paradox
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EXETER

s R
system in system in

state 1 mi — Mo state 2

S ‘\/\/\/‘ S

—
increase of oscillator mass

calculate AS and (ubs for this process

4 )

Clausius inequality

Qabs
T

AS >

0>A:=Qus —TAS

Phys. Rev. Lett. 85:1799 (2000)

= violation of Clausius inequality

& Landauer’s erasure principle
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Resolution of paradox/lessons

(weak coupling) Stochastic thermodynamics

Thermodynamic potentials and stochastic thermodynamics
beyond weak coupling (classical) — b chewy ...

Thermodynamic uncertainty relation (Qquantum)



UNIVERSITY OF

The original argument EXETER

Phys. Rev. Lett. 85:1799 (2000)

Caldeira-Leggett model

HZHS"‘HB_'_Hint

global thermal state
—BH

Z

reduced state of the oscillator

€

10:

ps = tralp]
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Resolution of paradox EXETER

Caldeira-Leggett model

H:HS_l_HB_'_Hint

global thermal state coupling process leads to
i correlations => non-Gibbsian state
P="7

IS not thermal
6_BHS
ps = trg|p) o 7+

reduced state of the oscillator
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Resolution of paradox EXETER

Caldeira-Leggett model

H:HS+HB+Hint

global thermal state coupling process leads to
correlations => non-Gibbsian state
6_5 H
P — 7 |
_ IS not thermal
reduced state of the oscillator
e_BHS
— ?7?
ps = trglpl 7 7 "

no well-defined local temperature
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Resolution of paradox EXETER

s A
system in system in
state 1 mi — Mo state 2

S1 ¢ \/\/\/‘ S2
oscillator

non-thermal

H=Hs+ Hp + Hiny

no temperature,
no Clausius inequality

Hilt, Shabbir, Anders, Lutz Phys Rev E (R) (2011)
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Resolution of paradox EXETER

4 ] ] N\
system In switch on system in system in
Ce w9 seel gy my  Sle

O
S, S1 \/\/\/ S
thermal, oscillator

well-defined T non-thermal

H=Hq¢+ Hp H=Hq¢+ Hp + H;n;
have initial temperature, no temperature,
can use Clausius inequality no Clausius inequality

Hilt, Shabbir, Anders, Lutz Phys Rev E (R) (2011)
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Resolution of paradox EXETER

4 ] ] I
system In SWIth? on system in system in
state 0 coupling state 1 mi — Mo state 2

L P ® s,

thermal, non-thermal
well-defined T
Q(C) Q(m)

coupling to iIncreasing

bath mass
creating correlations requires additional Clausius inequality
entropy and heat component:

AS > Qabs
AS = AS) + AS™ =
Q=Q + Q™ 0> A :=Qups —TAS

Hilt, Shabbir, Anders, Lutz Phys Rev E (R) (2011) A= =TS,
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Resolution of paradox EXETER

creating correlations requires additional Clausius inequality
entropy and heat component: Oub
AS = AS© 4 A A5 2

Q=Q + Q™ 0> A :=Qups —TAS

Hilt, Shabbir, Anders, Lutz Phys Rev E (R) (2011) A= =TS,
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EXETER

Summary
i.e. Clausius difference A is: A =AM L Ale)
this alone is \
ﬁfglyi\;ela?;?ks including this term
» Thermodynamic process on due to coupling
quantum brownian oscillator does makes A negative
not violate 2nd law. = correct with 2nd

law

Hilt, Shabbir, Anders, Lutz Phys Rev E (R) (2011)
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EXETER

Summary
i.e. Clausius difference A is: A =AM L Ale)
this alone is \
ﬁfglyi\;ela?cl)?ks including this term
» Thermodynamic process on due to coupling
quantum brownian oscillator does makes A negative
not violate 2nd law. = correct with 2nd

law

actually: mathematical identity A(®) = —(AHg)

with Hamiltonian difference: AHg = HS — Hg

Z*

where H* is the mean force
Hamiltonian defined through:

ps =:

Hilt, Shabbir, Anders, Lutz Phys Rev E (R) (2011)
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Recap: standard thermodynamic potentials
Violation of laws of thermodynamics in the quantum regime?

Resolution of paradox/lessons

(weak coupling) Stochastic thermodynamics

Thermodynamic potentials and stochastic thermodynamics
beyond weak coupling (classical) — b chewy ...

Thermodynamic uncertainty relation (Qquantum)



U. Seifert, Rep. Prog. Phys 75, 126001 (2012) UNIVERSITY OF

Micro: Stochastic thermodynamics EXETER

A Psabo_ work becomes a stochastic variable
Ca GA
&g A B 18
P5a §5u 15-
G:E . 16
UAA:S ) : U
A _l A-rich bulge g ‘ {“
EQ;ZS g 10 R B
dAagsaul | £ €
GUUCC—g.a . 10
P5c G-A ;
¢ 5 u
3 a-d 2 |
3 G-A P5b T
@ .8 = g—
f.;;, E'% % 30 nm Extension (nm) 50 nm
% A %_ S :
£ avon [ raoa @ get work distribution rather
andle andie ® ]
AN AR than just one “work”
Biotin Digoxigenin A

P(W)

Liphardt, et al., W > AFs

Science 296, 1832 (2002)

also: stochastic energy, entropy, ... AFs (W) W
S
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Stochastic thermodynamics EXETER

not just for the entire distribution,
but for each phase space point x define:

stochastic internal energy  ugs(z) = Hg(x)

Ss(x
stochastic free energy fs(x) =ug(x) — s(x)

stochastic entropy sg(x) = —Inpg(x)

T OHg(xy,1) ial derivati
. S\Lt partial derivative for
stochastic work W, 5. _/ dt 7 Hamiltonian that

changes in time
work for particular

trajectory in phase space Example: harmonic osci with

time-dependent frequency

> 9 9
p mwy q
Hs((qs,pe),t) = —— + L=

sampling generates P(W)
T 2m 2

probability distribution




Stochastic thermodynamics

UNIVERSITY OF

EXETER

not just for the entire distribution,

but for each phase space point x define:

stochastic internal energy S

stochastic free energy >

stochastic entropy

stochastic work W, _.._ g

"

work for particular
trajectory in phase space

sampling generates
probability distribution P(W)

macro thermo limit
Us = /dazuS(az) ps(x)

get standard (macroscopic)
thermo potentials from averaging
over thermal distribution

get standard (macroscopic) work
from averaging over all trajectories
during protocol

W = / AW W P(W)



U. Seifert, Rep. Prog. Phys 75, 126001 (2012) UNIVERSITY OF

Micro: Stochastic thermodynamics

EXETER

for initial thermal states (Gibbs state for Hs(x) )

4 . N
Crooks relation
PH(W) = Po(=W) PW—AF)
forward work backward work exponentiell
L distribution distribution factor )

averaging over all initial phase space points/

phase space trajectories:

r Jarzynski equality
<6—[3W> _ 6—[3AF

/ RN

non-equilibrium inverse
work temperature

~

equilibrium

free energy

J

protocol: controlled change of
time-dependent parameter, e.qg.
in/de-crease of h.o. frequency

wo — Wr Wr — Wo
(forward) (backward)

Jensen’s inequality

* (W) > AF

Crooks and Jarzynski
relations are more
fundamental than 2nd law
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Recap: standard thermodynamic potentials
Violation of laws of thermodynamics in the quantum regime?

Resolution of paradox/lessons

(weak coupling) Stochastic thermodynamics

Thermodynamic potentials and stochastic thermodynamics
beyond weak coupling (classical) e ope chewy ...

Thermodynamic uncertainty relation (Qquantum)



UNIVERSITY OF

Beyond the weak coupling limit EXETER

For a macroscopic system its
coupling to the environment
can be neglected.

For a smaller scale system its
coupling to the environment System volume

decreases
becomes relevant.

Task: Identify corrections to
thermodynamic potentials

(e.g. energy)
and stochastic thermo relations.

(e.g. Crooks relation)




Beyond weak coupling:
need to describe system and bath
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EXETER

phase space coordinates

7= (x
for system and bath (#,9)

global Hamiltonian
Hipt(x,y) = Hs(z) + Hp(y) + Vine(z,y)

bare system interaction term
Hamiltonian

global equilibrium

distribution
e_BHtot (5137?/)

o (T,y) =
IOt t( ) Ztot

for equilibrium state at
iInverse temperature

B=1/T
kp =1



Beyond weak coupling:
need to describe system and bath

UNIVERSITY OF

EXETER

phase space coordinates
z = (v,y)
for system and bath

global Hamiltonian
Hipt(x,y) = Hs(z) + Hp(y) + Vine(z,y)

bare system interaction term
Hamiltonian

reduced state of the system
e_BHS (x)

P (x) = / dy pros(z,y)F -
S

global equilibrium

distribution
e_BHtot (xay)

o (T,y) =
IOt t( ) Ztot

for equilibrium state at
iInverse temperature
B=1/T
kg =1
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Beyond weak coupling: EXETER

need to describe system and bath

global equilibrium

phase space coordinates . (az )
for system and bath J distribution
6—[3Htot($ay)
. . €q _
global Hamiltonian Prot (T, Y) = 7
tot
Hioi(x,y) = Hs(x) + Hp(y) + Vine (2, y)

for equilibrium state at

bare system - : _
Hamiltonian interaction term inverse temperature
=1/T
reduced state of the system p=1/
o—BHs () kp =1
eq _ eq
,OS (ZC) T /dy ptot(xay)7é 7
S
) e~ BHg () effective system partition function
pg () =: » . _BH(x) average over
ZS Zs= [ dze iy uncoupled thermal
_ phase space
Slef'n_is mean force | ) distribution of bath
amiltonian I s — ZInlePVint(zy
(function of T) S(x) 5(:1;') I5; n(e >B



Beyond weak coupling:
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EXETER

Def: Stochastic thermodynamic potentials
for strongly coupled systems

stochastic internal energy  us(z) = Hg(z)

stochastic free energy fs(x) =ug(x) —

stochastic entropy sg(x) = —Inpg(x)
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Beyond weak coupling: EXETER

Def: Stochastic thermodynamic potentials
for strongly coupled systems

stochastic internal energy  us(z) = Hg(z)
ug(w) = 9[BHE(2)] = Hs(x) — g Infe”PVime(2¥))

Ss(&
stochastic free energy fs(x) =ug(x) — s(%)

B

stochastic entropy sg(x) = —Inpg(x)

coupling corrections
to potentials

Seifert, PRL 116, 020601 (2016)
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Beyond weak coupling: EXETER

Def: Stochastic thermodynamic potentials
for strongly coupled systems

stochastic internal energy  us(z) = Hg(z)
ug(w) = 9[BHE(2)] = Hs(x) — g Infe”PVime(2¥))

stochastic free energy fs(x) =ug(x) — 5s(2)
<[ o

fs(x) = ug(z) — 3

stochastic entropy sg(x) = —Inpg(x)

Sj’;’ (CU) = —Inps (CE‘) T 5285H§ (:E) «— coupling corrections

to potentials

Seifert, PRL 116, 020601 (2016)
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Beyond weak coupling: EXETER

Def: Stochastic thermodynamic potentials
for strongly coupled systems

stochastic internal energy
ug(z) = Op|BHs (),

stochastic free energy

fFal@) = up(a) - 52

B

stochastic entropy

s5(2) = — In ps(x) + 820 Hi(x)

Seifert, PRL 116, 020601 (2016)
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Beyond weak coupling:

Def: Stochastic thermodynamic potentials

for strongly coupled systems macro thermo limit

stochastic internal energy

s (x) = O5[BH3 (@) - Us= [ dwui(a) ()
= —0g InZg

stochastic free energy

() = usla) - =

stochastic entropy

s5(2) = — In ps(x) + 820 Hi(x)

>

Seifert, PRL 116, 020601 (2016)
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EXETER

Beyond weak coupling:

Def: Stochastic thermodynamic potentials

for strongly coupled systems macro thermo limit
stochastic internal energy
() = 05[H () - Us= [ dwui(a) ()
= —0g InZg
stochastic free energy*
fe =) - S
e

stochastic entropy

s5(2) = — In ps(x) + 820 Hi(x)

Seifert, PRL 116, 020601 (2016)
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Result: Additivity of potentials EXETER

Def: class D@ (stationary preparation class/conditional states)
_ eq
= the global state takes the form o (x,y) = ps(x) pF (y|x)

Ptot <:C7 y) @_BHtot (z,y)

eq — . _

Talkner, Hanggi, PRE 94 (2016)
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Result: Additivity of potentials EXETER

Def: class DB (stationary preparation class/conditional states)
_ eq
= the global state takes the form o (x,y) = ps(x) pF (y|x)

Ptot (:Ca y) e_BHtot (z,y)

eq _ _ _
where p3 (y|z) Tdy proa. 1) with  Prot(T,y) 7

Talkner, Hanggi, PRE 94 (2016)

For this class: the bath is in a thermal state conditioned on the system
phase space value, but tracing the bath gives an arbitrary system state

ps ()
/Result: Miller, Anders, PRE (2017) \
For states in class D 3 the effective system and free bath potentials add

Xtot:XS—FXerJ for x=U,F,S

(i.e. thermodynamically extensive)
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Recall: Non-equilibrium fluctuation relation EXETER

Consider dynamics generated by a time-varying Hamiltonian:

weak coupling: Hg(x, \;)

thermal non-thermal
state state

o ®
\/\/\/ '\ differs from the
ps (e, At) thermal state for the
final Hamiltonian

o—BHs (0, )0) Oz M) o—BHs(ze,\r)
ZI?, —
Zs(Mo) CR Zs(0)

pesq(x(b )\O) —
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Recall: Non-equilibrium fluctuation relation EXAETER

Consider dynamics generated by a time-varying Hamiltonian:

weak coupling: Hg(x, \;)

thermal non-thermal
state state

®
o \/\/\/ '\ differs from the
/ pPs (xt, )\t) thermal state for the

final Hamiltonian

. e~ BHs (o, 0) ‘ \ e~ BHs(x¢,At)
p )\ — © , —
IOS (:E()? 0) ZS()\O) IOS (:Ct t) ZS()\t)
It holds: Crooks relation for entropy production
BP(HE) .y D@ =ss(en ) = ss(@o, Ao) + BQao - w)

< — € t _
P(-X) Qo — 1) = us(en ) = us(@o. o) + [ dr On,userA) &,
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Result: Non-equilibrium fluctuation relation EXETER

Consider dynamics generated by a time-varying Hamiltonian:

strong coupling: Hiot(z,y, A\t) = Hs(x, A\t) + Hp(y) + Vine(2,9)

global state general global
inDg state
Tt, Yty At
/ ,0( Jt ) differs from the global
o (0, Yo, Ao) = ps(To, o) pF (YolTo; o) conditional thermal state

for the final Hamiltonian

O-(CCM Yt )‘t) — ,OS(CUt, )‘t) pqu(yt|xt; At)
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Result: Non-equilibrium fluctuation relation EXETER

Consider dynamics generated by a time-varying Hamiltonian:

strong coupling: Hiot(z,y, A\t) = Hs(x, A\t) + Hp(y) + Vine(2,9)

global state general global
inDpg state
Tt, Yty At
/ ,0( Jt ) differs from the global
o (0, Yo, Ao) = ps(To, o) pF (YolTo; o) conditional thermal state

for the final Hamiltonian

O-(CCM Yt )‘t) = pPs (xtv )‘t) pqu (yt|xt; At)
Miller, Anders PRE (2017)

It holds: Crooks relation for entropy production incl corrections *
_>
P(+%) s Y(x) = sg(xe, M) — s5(20, Ao) + B Q7 (20 — 24)

— — € ,

P(—Z) Q" (xo = x¢) = ug(w, A\t) — uS(xo, Ao) +/O dr O ukh(zr, Ar) Ay
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Result: Non-equilibrium fluctuation relation EAETER

Miller, Anders PRE (2017)

It holds: Crooks relation for entropy production incl corrections *
_>
P(+%) s Y(x) = sg(xe, M) — s5(20, Ao) + B Q7 (20 — 24)

— — € ,

P(—Z) Q" (xo = x¢) = ug(w, A\t) — uS(xo, Ao) +/O dr O ukh(zr, Ar) Ay
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Result: Non-equilibrium fluctuation relation EAETER

and hence: average entropy production
= KL divergence between entropy production distributions

\
entropy production measures irreversibility

(EO0)) = S FDHE)HTJ(—E)}

i.e. discrepancy between forwards and backwards entropy production

——————————————————

Miller, Anders PRE (2017)

It holds: Crooks relation for entropy production incl corrections *
_>
P(+%) s Y(x) = sg(xe, M) — s5(20, Ao) + B Q7 (20 — 24)

— — € ,

P(—Z) Q" (xo = x¢) = ug(w, A\t) — uS(xo, Ao) +/ dr O ukh(zr, Ar) Ay
0
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Result: Effective 2nd law EXETER

Miller, Anders PRE (2017)

It holds: Crooks relation for entropy production incl corrections *
_>
P(+%) s Y(x) = sg(xe, M) — s5(20, Ao) + B Q7 (20 — 24)

— — € ,

P(—Z) Q" (xo = x¢) = ug(w, A\t) — uS(xo, Ao) +/O dr O ukh(zr, Ar) Ay
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Result: Effective 2nd law EXETER

/Result: Miller, Anders, PRE (2017) Strasberg, Esposito PRE (2017) \
For initial states in class Dﬁ and Ham. dynamics in full phase space

(2(\)) = Slo(e,ye M)l (e, yr Ao)] %m»
since Kullbeck-Leibler /v W < A = &
divergence is positive = <Z()‘t)> >0 T
implying ASS > Qj{ (2nd law)

Miller, Anders PRE (2017)

It holds: Crooks relation for entropy production incl corrections *
_>
P(+Y) s Y(x) = sg(xe, M) — s5(20, Ao) + B Q7 (20 — 24)

— — € .

P(-X) @ (0 = w0) = o M) — oo, o) + [ dr 0wl Ar) s
0
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Summary: strong coupling stoch. thermo “AETER

Defining appropriate stochastic

thermodynamic potentials, global state general global
iIncluding strong coupling inDg state
corrections, one obtains O o
effective standard stochastic \/\/\/

thermodynamics results.

_>
Crooks relation holds P(+X) oS
— —
P(-Y) Miller, Anders PRE (2017)

%

entropy production (S(A\)) = S [p(JrZ)“(f)(_z)]

measures irreversibility

Strasberg, Esposito PRE (2017)
entropy production measures

distance from “equilibrium” <Z()\t)> — S[,O(ZI?t, Yt )\t)HU(CUt, Yt, At)]
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Outline - I EXETER

Recap: standard thermodynamic potentials
Violation of laws of thermodynamics in the quantum regime?

Resolution of paradox/lessons

(weak coupling) Stochastic thermodynamics

Thermodynamic potentials and stochastic thermodynamics
beyond weak coupling (classical) — b chewy ...

Thermodynamic uncertainty relation (Qquantum)
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Energy-temperature uncertainty relation EXETER

Bohr ASAU >1 for thermal states

valid for systems weakly Reservoir
coupled to environment

Svstem
(quantum notation) *'}ﬁ\
H=H S + H E —|-7é

with system state

o= (ol

A when this term
e~ BHs becomes important

ps ~ 74 Correction for systems strongly

coupled to their environment?
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Energy uncertainty EXEIER
e—B(I:IS‘FI:IE‘FVSE)
reduced system state ps = 1trg 7
e~ PH: Kirkwood, ..., J ki, Lut
I I —_— IrKWOood, ..., JarZzynski, LutzZ,
mean force Hamiltonian pPs —: Zg Aurell, Seifert,yEsposito

mean system energy Ug := —(95 In Z; additive with bare environment
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Energy uncertainty EXETER

reduced system state ps 1=

e—ﬂ(ﬁs+ﬁE+VSE)
t?“E

Z
: : e P H3 . .
mean force Hamiltonian pg =: Kirkwood, ..., Jarzynski, Lutz,
Zg Aurell, Seifert, Esposito ...
mean system energy Ug := —(95 In Z; additive with bare environment

but  Ug # tr[H} ps)

instead Ug = tr[ES ps]
Seifert, PRL (2016) /' energy uncertainty

/ .
Eg = 05 ( 3 H;) effective energy AU — \/Varps i)

operator of system
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EXETER

Mean force H and effective energy operator

weak coupling strong coupling
state
_BH _RIT*

_ ¢ s ¢ Bls Hamiltonian of

PS = 7 PS = Z:kq mean force
/V

energy <\>

. - . - effective energy
Us = tr|Hg ps] Us =trlEs ps]  gperator
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Example: Damped Harmonic Oscillator EXETER

52 2452 A2 2 ~2
3 p Mw*z A D M, wizx
H — * L T
S=onm T 2 Hs(T) = 2M., T 2
N 52 242 5
. D5 M;w5z 1 /D
R vy =[P
"~ ; 2 M, 2 TV 22
. N o A2 wr = 2T arcoth(2+/(p?)(z?))
SUR;(A‘jx@%JFQMgwf )

Drude-Ullersma spectrum
N \/nyMjMw?A w?,
=

2 2
T wD+wj

Grabert, Weiss, Talkner, Z. Phys. B. (1983)

X X A ~2 A; 2
BY(T) = 05 [BH3(1)] = g H(T) — g, 22100

Constants dependent / T-dependent annihilation

on effective mass and
operator
frequency
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Temperature uncertainty EXETER

optimal parameter estimation:
considering all possible measurements (POVMs) on the quantum
system, what is the ultimate precision that we can hope for?

General answer: Cramer-Rao bound

B=1/(kgT)
~ N :
Get bound on ApS A6 > nF (0)
for states
e‘ﬂlﬁlg
ps =: Rao (1945), Cramer (1946)
Zg

—



Temperature uncertainty
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EXETER

optimal parameter estimation:
considering all possible measurements (POVMs) on the quantum
system, what is the ultimate precision that we can hope for?

B =1/(ksT)

\
Get bound on Ap
for states
e PHs

ps =: »
23

—

General answer: Cramer-Rao bound

Miller, Anders, Nat. Comms. 9:2203 (2018)

1 1

AB > >
- A — AU

VAUs® - Q[Es,ps] U8

—

strongly coupled weakly coupled

With the skew information:

Q[ES7 pS] —

Wigner, Yanase, J. Phys. Chem. (1963)
Li, et al, Eur Phys Jour D (2011)

_%/o datr{[ES,(PS)a] [Eb’»(ps)l_a]}

NS

commutators



Skew information
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EXETER

1
Q[Es, ps] :—%/0 datr{[E

Wigner, Yanase, J. Phys. Chem. (1963)
Li, et al, Eur Phys Jour D (2011)

commutators

for damped quantum
harmonic oscillator

Grabert, Weiss, Talkner,
Z. Phys. B. (1983)

coupling strength

— ylw=1
y/iw=0.5

— ylw=0.2

— y/lw =0.1

20
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Heat capacity Cs(T) := % EXETER

AU?Z
weakly coupled: Cg(T) = T2S
AUZ Es, X
strongly coupled: Cg(T) = TQS — Q| ;2 ps] - (OrEg)
. \ T
l 2 40 quantum  classical
S 10  correction correction
C
0.5 %
5 0
10 for damped quantum

15 _ _
20 KT harmonic oscillator



UNIVERSITY OF

Summary: QuTh. beyond weak coupling EXETER

It is possible to include a system’s
coupling to environmental degrees
of freedom in a generalised
thermodynamic framework.

The energy operator that includes
strong coupling corrections may
not commute with Gibbs state

(= skew information Q[Es, ps]).

Thermodynamic uncertainty relation 5 - 1 . 1
with strong coupling corrections: \/AU52 — Q[Es, ps] AUs

Miller, Anders, Nat. Comms. 9:2203 (2018)



Strong coupling stochastic thermodynamics Further reading;
PRE 95, 062123 (2017)

Seifert, PRL 116, 020601 (2016)
Jarzynski, PRX 7, 011008 (2017)

Us = tr[Bs ps]

Strasberg, Esposito,

Uncertainty relation Harry Miller PRE 95, 062101(2017)
Nature Comms 9, 2203 (2018) Exeter

Thank you!
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